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Wlodzimierz Jelonek 

Abstract. The aim of this paper is to classify bi-Hermitian compact surfaces (M, g) 
whose Ricci tensor p satisfies the relation Vxp(^i^) = ^^TgiX, X). 



This paper I dedicate to the memory of Alfred Gray. 

0. Introduction. Let {M, g) be a Riemannian manifold with the Ricci tensor 
p which satisfies the condition 

(*) VxpiX,X) = ^XTgiX,X) 

n + 2 

where r is the scalar curvature of (M, g) and n =dimM. There are many interesting 
manifolds which satisfy (*). Among them are (compact) Einstein- Weyl manifolds, 
weakly self-dual Kahler surfaces (see [J-l],[J-2] and [A-C-G]) and DAtri spaces. 
The property (*) was studied by A. Gray in [G] (see also [Be] p. 433). A. Gray 
called Riemannian manifolds satisfying (*) the AC-^ manifolds. In [J-1] we showed 
that every Kahler surface has a harmonic anti-self- dual part W~ of the Weyl tensor 
W (i.e. such that 5W~ = 0) if and only if it is an ^C-'--manifold. In [J-1] we have 
also showed that any simply connected 4-dimensional ^C"*- -manifold {P, g) , whose 
Ricci tensor has exactly two eigenvalues of multiplicity 2, admits two opposite to 
each other Hermitian structures which commute with the Ricci tensor. 

It is not difficult to prove that a compact 4-manifold with even first Betti number 
admitting two opposite to each other Hermitian structures J, J which commute 
with the Ricci tensor p of (P, g) is a ruled surface or is locally a product of two 
Riemannian surfaces [see [J- 2]). In [J-2] we have given the example of a Kahler 
^C"*" -metric on a Hirzebruch surface -Fi (which was also independently constructed 
in [A-C-G] ) and in [J-3] we have constructed families of bi-Hermitian Gray surfaces 
on all the Hirzebruch surfaces F},. These are, apart from two exceptional families 
of metrics on Fi and one exceptional family on F2, all co-homogeneity one bi- 
Hermitian Gray metrics on ruled surfaces of genus 3 = 0. 

The aim of the present paper is to describe compact y^C^-4-manifolds (M, g) 
with non-constant scalar curvature, admitting two oppositely definite Hermitian 
structures J, J commuting with the Ricci tensor of {M,g). We shall call such sur- 
faces the bi-Hermitian Gray surfaces. Surfaces which admit two oppositely oriented 
complex structures will be called the bi-Hermitian surfaces. We should warn the 
reader that the notion of a bi-Hermitian surface has been recently used also in 
the different context (see [A-G-G] where a bi-Hermitian surface means a surface 
admitting two positively oriented Hermitian structures). We show in the present 
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paper that compact bi-Hermitian Gray surfaces with non constant scalar curvature 
and even first Bctti number are ruled surfaces which ( at least if their genus 5 > 1) 
are local cohomogcncity 1 with respect to the local group of all local isometries of 
{P,g)- We shall classify all bi-Hermitian Gray surfaces which are ruled surfaces of 
genus g > 0. At first we shall show that there exists an open and dense subset U 
of P such that U = {a,b) x Pq where Pg is a three dimensional .A-manifold which 
is a circle bundle over a compact Riemann surface of constant sectional curvature. 
Consequently if Pq is not a trivial bundle then it coincides with the space G/T 

where G is one of the groups:S'[/(2), iJ, S'L(2, R) where H means the Heisenberg 
group and F is a discrete subgroup of Iso{G). Using the methods of B. Bergery 
(see [B],[S]) we reduce the problem to a certain ODE of the second order. We shall 
find all positive solutions of these equations satisfying the appropriate boundary 
conditions. In this way we classify compact bi-Hermitian Gray surfaces of genus 
g > and also give new examples of compact 4-dimensional ^C^-manifolds (prob- 
lem of finding such manifolds was stated in [Be] p. 433). In the last section of the 
paper we describe in an explicit way co-homogeneity one AC-'- - metrics on CP^ 
whose Ricci tensor is invariant with respect to the standard complex structure J 
of CP^ and such that the opposite Hermitian structure J is defined on CP^ — {xq} 
for some xq e CP^. 

1. Hermitian 4-manifolds. Let {M,g,J) be an almost Hermitian manifold, 
i.e. {M,g) is a Riemannian manifold and J : TM — > TM satisfies = —idxM 
and g{JX, JY) = g{X, Y) for all X,Y € TM. We say that (M, g, J) is a Hermitian 
manifold if its almost Hermitian structure J is integrable, i.e. J is an orthogonal 
complex structure. In the sequel we shall consider 4-dimensional Hermitian man- 
ifolds (M, g, J) which we shall also call Hermitian surfaces. Such manifolds are 
always oriented and we choose an orientation in such a way that the Kahler form 
Q.{X,Y) = g{JX,Y) is a self-dual form (i.e. O e A+M). The vector bundle of 
self-dual forms admits a decomposition 

(1.1) A+M = Rn®LM, 

where by LM we denote the bundle of real J-skew invariant 2-forms (i.e LM = 
{$ e AM : $(JX, jy) = -$(X,y)}). The bundle LM is a complex line bundle 
over M with the complex structure J defined by {J^){X,Y) = -^{JX,Y). For 
a 4-dimensional Hermitian manifold the covariant derivative of the Kahler form O 
is locally expressed by 

(1.2) VO = a $ -I- Ja O 

where Ja{X) = —a{JX). The Lee form 6 of {M,g, J) is defined by the equality 

(1.3) dn = 0An 

We have 6 = —6fl o J. A Hermitian manifold (M, g, J) is said to have Hermitian 
Ricci tensor p if p{X, Y) = p{JX, JY) for all X,Y G 3£(M). An opposite (almost) 
Hermitian structure on a Hermitian 4-manifold (M, g, J) is an (almost) Hermitian 
structure J whose Kahler form ( with respect to g) is anti-self-dual. 

A distribution D c TM is called umbilical if Vx^|d^ = g{X,X)^ for every 
X e F('D), where is the T>-^ component of X with respect to the orthogonal 
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decomposition TM = I? © T)-^. The vector field ^ is called the mean (;ui-vature 
normal of D. An involutive distribution V is tangent to a foliation, which is called 
totally geodesic if its every leaf is a totally geodesic submanifold of {M,g) i.e. 
WxX G V a X is a. section of a vector bundle V C TM. In the sequel we shall 
not distinguish between V and a tangent foliation and we shall also say that V is 
totally geodesic in such a case. 

On any Hermitian non-Kahler 4-manifold (M,g, J) there are two natural distri- 
butions V = {X € TM :VxJ = 0},V-^ defined in the open set U = {x : |VJ^| 9^ 
0}. The distribution V we shall call the nullity distribution of (M, g, J). From (1.2) 
it is clear that T> is J- invariant and that dinil> = 2 in U = {x E M : W Jx 0}- 
By I?-*- we shall denote the orthogonal complement of I? in U. On U we can define 
the opposite almost Hermitian structure J by formulas JX = JX if X e V-^ and 
JX = — JX a X G V which we shall call natural opposite almost Hermitian struc- 
ture. It is not difficult to check that for the famous Einstein Hermitian manifold 
CP^tJCP^ with Pago metric (see [P],[B],[S],[K],[LeB]) the opposite structure J is 
Hermitian and this structure extends to the global opposite Hermitian structure. 

A ruled surface of genus g' is a complex surface X admitting a ruling, i.e. an 
analytically locally trivial fibration with fibre CP^ and structural group PGL{2, C) 
over a smooth compact complex curve (a Riemannian surface) of genus g. 

By an AC'^- manifold (see [G]) we mean a Riemannian manifold (M, g) satisfying 
the condition 



where p is the Ricci tensor of (M, g) and C means the cyclic sum. A Riemannian 
manifold (M, 17) is an AC-^ manifold if and only if the Ricci endomorphism Ric of 
(M, g) is of the form Ric = S + :^^Tld where 5 is a Killing tensor, t is the scalar 
curvature and n =dimM. Let us recall that a (1,1) tensor 5 on a Riemannian 
manifold {M,g) is called a Killing tensor if g{VS{X,X),X) = for aU X e TM. 
Let us recall a result from [J-1]: 

Lemma 0. Let S be a Killing tensor on a 4- dimensional Riemannian manifold 

{M,g). Let us assume that S has two 2-dimensional oriented eigendistributions 
Di,D2. Then there exist two opposite Hermitian complex structures J, J on M 
which commute with S. 

It is not difficult to prove the following lemmas: 

Lemma 1. Let S e End{TM) be a (1,1) tensor on a Riemannian 4-manifold 
{M,g). Let us assume that S has exactly two everywhere different eigenvalues 
of the same multiplicity 2, i.e. dim T>\= dimT>^ = 2, where V\.,T>^ are 
eigendistributions of S corresponding to A. /i respectively. Then S is a Killing tensor 
if and only if both distributions V\ and are umbilical with mean curvature 
normal equal respectively 
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Lemma 2. Let {M,g) he a 4^- dimensional Riemannian m,anifolds whose Ricci 
tensor p has two eigenvalues A(x),/u(x) of the same multiplicity 2 at every point 
X of M. Let us assume that the eigendistribution Vx = V corresponding to A is 
a totally geodesic foliation and the eigendistribution = corresponding to n 
is umbilical. Then {M, g) is an AC-^ -manifold if and only if \ — 2p, is constant 
and Vr e T{V). The distributions V,V-^ determine two Hermitian structures J, J 
which are opposite to each other and commute with p. Both structures J, J are 
Hermitian complex and V is contained in the nullity of J and J. 

In the sequel we shall need the following two lemmas. 

Lemma A. Let assume that {M,g, J) is a compact Hermitian c.K. surface with 
Hermitian Ricci tensor p. If C, is a holomorphic Killing vector field on {M,g,J), 
then 9{() = 0, where 9 is a Lee form of {M,g, J). 

Proof Let be a Kahler form of (M,g, J). Then i^O = 0. Since dn = 6 AO, 
and d0 = it follows that = d{L^n) = L^^^dfl) = Li:{0 A fl) = L<;{9) A n. Thus 
L^{9) = 0. Consequently d{9{Q) = 0. It follows that 9{() is constant on M, and 
consequently equals 0, since the set {x G M : \6\x = 0} is non-empty (see [J-4]).'v' 

Lemma B. Let us assume that S is a Killing tensor on four dimensional mani- 
fold (M,g) with two eigenvalues everywhere distinct and with two-dimensional ori- 
ented eig en- distributions. Let J, J be Hermitian structures on {M,g) determined by 
S. Let ^ be a Killing vector field on {M,g) such that L^S = L^J = L^J = and 
V{ J = V| J = 0. Then S(, is a Killing vector field on (M, g). 

Proof. Let us define TX := VxS.- Then To,] = J o T and analogously 
T o J = J oT. Let us define p = J o J. It is clear that poT = T op. Consequently 

(1.5) SoT = ToS. 

From (1.5) we obtain V|5 = 0. Now we shall show that a field C, = S£^\s Killing. 
We have 

5(VxC, X) = 5(V5(X, 0,X) + g{S{VxO, X) = 
= -^g{y^S{X),X)+g{STX,X) = g{STX,X) = 

since 2g{VS{X, ^), X) + g{V^S{X), X) = because 5 is a Killing tensor and 
g{STX, X) = g{TSX, X) = -g{TX, SX) = -g{STX, X).0 

We also have (see [J-4]) 

Theorem 0. Let us assume that (M, g, J) is a compact conformally Kahler non- 
Kdhler Hermitian surface and let {M,go,J) be a Kahler surface in the conformal 
class (M, [g], J). Then both (M, g, J), (M, go, J) admit a holomorphic Killing vector 
field (, with zeros, such that J = 0, where V is the Levi-Civita connection of 
{M,g). Moreover^ = JWu where V is the Levi-Civita connection of {M^go), u is 
a positive, smooth function on M such that g = u~^go and we have 



(1.4) V^o^o = -Va + aJ^o, 5o(C,6 = a', 9iX) = -2ag{J^o,X) 
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where = , ^ ^ is defined in U = {x : ^} o-''^d = -^-v/5(VJ, VJ). 

Killing vector field ^ belongs to the center 3(iso(M)) of the Lie algebra iso(M) of 
the group of isometries Iso{M) of (M, g) . 

2. Bi-Hermitian Gray surfaces. Let us assume that {M,g) is a compact 
irreducible 4-dimensional ^C-'--manifold whose Ricci tensor has two eigenvalues 
A, /i. The following definition we shall use in he sequel. 

Definition. Bi-Hermitian Gray surface is an irreducible AC-^ 4-manifold {M, g), 
which admits two difFcrcnt Hcrmitian complex structures J, J of opposite orienta- 
tion which commute with the Ricci tensor p of {M,g). 

Let V be a Levi-Civita connection and p the Ricci tensor of (M, g). We say that 
(M, g) is a proper bi-Hermitian Gray surface if Vp ^ or equivalently if the scalar 
curvature r of (M, g) is non-constant. We shall assume in the sequel that (M, g) 
is a bi-Hermitian Gray surface with even first Betti number (6i(M) is even). Due 
to the results of Apostolov and Gauduchon [A-G-1] it follows that both Hermitian 
surfaces (M, g, J) and (M, g, J) are locally conformally Kahler, hence they are both 
conformally Kahler due to a result by L Vaisman [V]. Thus there exist a Kahler 
surface {M, g, J) and a Kahler surface (M, gi, J) which are conformally equivalent 
to {M, g) where gi = h^g, g = f^g and /, h are some smooth functions on M. In our 
paper [J-1] we have proved that an oriented 4-dimensional Riemannian manifold 
(M,g) admitting a Killing tensor S S End{TM) with exactly two eigenvalues 
A, everywhere distinct admits (up to two-fold covering) two Hermitian structures 
commuting with S and oppositely oriented (see Prop. 3 in [J-1] and Lemma in the 
present paper). Hence every 4-dimensional ^C^-manifold, whose Ricci tensor has 
two everywhere distinct eigenvalues admits (up to four fold covering) two oppositely 
oriented Hermitian structures commuting with the Ricci tensor p of {M,g). Now 
we prove 

Proposition 1. Let us assume that {M,g) is a compact irreducible bi- 
Hermitian Gray surface with even first Betti number. Then {M, g) is an Einstein 
Hermitian manifold CP^ftCP with D. Page's metric or the eigenvalues of the Ricci 
tensor of {M, g) are everywhere distinct. 

Proof. Let us denote by J, J the opposite Hermitian structures on (M, g) such 

that S o J ~ J o S,S o J = J o S where S is the Ricci tensor of {M,g). Let 
{Ei,E2,E3,E4} be a local orthonormal frame on {M,g) such that Ex,E2 € Vx, 
E^jEi e where Vx, are eigensubbundles of So and 

JEi = E2, JEi — E2, JE3 = £/4, Ji?3 = —E4. 

Since (M, g) is an ^C-'--manifold it follows that S = So + ^Id where So is a Killing 
tensor on {M,g) (we identify (1, 1), (2, 0), (0, 2) tensors on {M,g) by means of g). 
From [J-1] (2.21) it follows that 

(2.1a) {^i- X){VJ{EuE,) + VJ{E2,E2)) = -J(VA) + (So - A)([^i,^2]), 
(2.1b) {X-^,){VJ{E3,E3)+VJ{Ei,E4)) = -J(Vm) + (So - li){[E3,E4), 

where X,p. are eigenvalues of So- Consequently 



(m - X)itrgVJ) = J(Vm - VA) + [So - XId){[Ei,E2]) - {So - fxId){[E3,E4). 
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Thus 

(2.2) {trgyj) = J{V\n\^i-\\) + [E^,E2]^, + [E3,E4\x, 

where by Xx^X^ we mean the components of X e TM with respect to the de- 
composition TM = Dx® V^. Hence in the set U = {x G M : X{x) ^ the 
following relation holds 

-J{trgVJ) = Vln Im - A| - J{[Ei,E2]^, + [E3, E^h). 
Analogously one can prove that in U 

-J{trgWJ) = Vlnl/x- A| - J{[Er,E2]^ - [E3,Ei]x). 
The above equations yield that in U 

(2.3) e + e = 2d\n\iJi-\\, 

where 0, 9 are the Lee forms of (M, g, J), (M, g, J) respectively. Since bi (M) is even 
it follows that both surfaces {M,g, J), {M,g, J) are conformally Kalilcr. It means 
that there exist smooth, positive functions f,h G C°°{M) such that {M,f'^g,J), 
(M, h^g, J) are Kahler. Consequently 9 = —2d In/, 9 = —2d\nh. Thus there exists 
a constant C e M — {0} such that 

(2.4) fh= ^ 



A — 



Now /, h are globally defined, smooth functions on M hence they are bounded. It 
follows that J7 = M or t/ = 0. Since {M,g) is irreducible it follows that in the 

second case (M,.g) is CP^jJCP^ with D. Page's metric, (sec [LcB])<> 

Remark. It is not difficult using the methods from [J-3] to construct Hermitian 
^IC"*" -metrics on CP^, with two eigenvalues which coincide in exactly one point. We 
shall give the appropriate examples in the last section of the paper. These metrics 
are not bi- Hermitian, one of the complex structures does not extend to the whole 
of CP^, the other one extends to the standard complex structure on CP^. In fact 
CP^ does not admit opposite complex structures. 

Proposition 2. Let us assume that (M,g) is a bi-Hermitian Gray surface with 
Hermitian com,plex structures J, J. If ^ is a Killing vector field on {M,g) such that 

J = V| J = then So^ is a Killing vector field, where So is a Killing tensor 
associated with p, i.e. p{X,Y) = g{SoX,Y) + ^g{X,Y). 

Proof. Let Sp be the Ricci endomorphism of (M,g) i.e. p{X,Y) ~ g{SpX,Y). 
Then Sp = So + ^. Since L^Sp = and L^t = it is clear that L^S = 0. Both 
J, J are determined only by Sp and g thus L^J — L^J = 0. Thus the result follows 
from Lemma B.^ 

Proposition 3. Let us assume that {M,g, J) is a compact Hermitian surface 
with Hermitian Ricci tensor whose group of (real) holomorphic isometrics has a 
principal orbit of dimension 3. Then the natural opposite structure J is Hermitian 
i.e. complex and orthogonal. 
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Proof. Let 6 be the Lee form of {M,g,J). Then \6\ = ^|VJ|. If C is a 
holomorphic Killing vector field then 6(() ~ 0. It is also clear that ^[^^(C) = 0. 
Consequently in an open and dense subset U oi M we have = f9 for some 

function / e C°°{U). The result is now clear in view of [J-4], Lemma F.{} 

Our next corollary describes bi-Hermitian Gray surfaces of genus 0, i.e. holo- 
morphic CP^ bundles over CP^ , which are of cohomogeneity 1 with respect to the 

group of real holomorphic isometrics. 

Corollary. Let us assume that {M,g, J) is a compact proper bi-Hermitian Gray 
surface whose group of (real) holomorphic isometrics has a principal orbit of di- 
mension 3. Then the vector field ^ coincides with rj up to a constant factor, the 
distribution V spanned by ^, is contained in the nullity of both J, J and J is the 
natural opposite structure for J. The distribution T> coincides with one of eigendis- 
tributions of the Ricci tensor S. 

Proof. Lot us assume that (M.g) is not conformally flat. It means that \W\ ^ 0. 
Consequently there exists an open subset U G M such that (up to a change of 
orientation) ^ on U . It means that the natural opposite structure for J, 
which is Hermitian in view of Prop. 4, coincides in ?7 up to a sign with J as the only 
simple eigenvalue of . Thus the result of M. Pontecorvo (Prop. 1.3. in [Po]) says 
that these two structures coincide (up to a sign), everywhere where the opposite 
natural structure to J is defined. Consequently the nullity 2? of J coincides with 
the nullity of J and T> is one of eigendistributions of the Ricci tensor p of (M,g). 
Since 6{£_) ~ 6{ri) = it follows that £, — crj for some c G M — {0}. 

If T4^ = then {M, g) is conformally equivalent to the product CF^ x Sg where 
is a Riemannian surface of genus g > and both Eg, CP^ have standard metrics 
with constant opposite sectional curvatures which finishes the proof. 

Let us denote by V, V, the Levi-Civita connections with respect to the metrics 
g, g, gi respectively. We have 

(2.5) p = p + 2f-'Vdf - f-\fAf + 3\Wff)g, 

where p,p are the Ricci tensors of {P,g), {P,g) respectively. The field £, = J(V/) 
is a holomorphic (with respect to J) Killing field on {M,g) and {M,g). It is easy 

to see that ^ = — JV(j). Analogously the field 77 = J(V h) is a holomorphic (with 

respect to J) Killing field on {M,gi) and {M,g) and rj = — JV(^). From Prop.l it 
follows that if the scalar curvature r of (M, g) is non-constant then both (M, g, J) 
and (M, g, J) are ruled surfaces. Thus tt : M — > S is a holomorphic bundle over a 
compact Riemann surface S with a fiber CP^. Let us denote hy V := ker dn the 
vertical distribution and hy H = V-^ the horizontal distribution of (M, g) induced 
by the projection tt : Ad S and the metric g. Since both structures J, J commute 
with the Ricci tensor p of (M, g) it follows that they are determined only by the 
metric g. Consequently every Killing field preserve both structures. Thus Killing 
field ^ preserves J and r] preserves J, which means that L^Cl = 0, L^fi = 0. Now 
we prove 

Proposition 4. Let us assume that (M, g, J, J) is a compact bi-Hermitian Gray 
surface such that (M, g, J) is a ruled surface of genus g > 0. Then J is the natural 
opposite structure for (M, g, J) and the distribution V spanned by ^, is contained 
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in the nullity of both J, J. Moreover V coincides with one of the eigendistributions 
of the Ricci tensor S . 

Proof. Let us denote hy S = Sp the Ricci tensor of (M, g) and by So the KiUing 
tensor related with Sp. Let us recall that ruled surface different from CP^ x CP"'^ 
admits only one ruling (see [B-P-V]). Thus every biholomorphic mapping (j) must 
preserve the fibers of such a ruled surface, i.e. 0(7r~^(7r(a;))) — TT~^{y) where 
y = 7r((/)(x)). It follows that the one parameter subgroups of holomorphic isometrics 
are 7r-related with one parameter subgroups of biholomorphisms of S. Thus every 
holomorphic Killing vector field with zeros ^ on M is 7r-related with holomorphic 
vector field with zeros on S. Consequently if M is of genus g > then the 
one-parameter subgroups of ^,r] both preserve every fiber of n : M S, i.e. 
^, € r(F). From Lemma A it follows that £, = cr] for some constant c £ R — {0}. 
Consequently ^ belongs to the nullity of both J, J, i.e. V^J = VjJ = 0. Prom 
Prop. 2 it follows that 5*0^ is a Killing vector field. Note that So£,,£,, G V which 
implies So$, = Aq^. Thus Aq is constant. Since ^ e ^{'Dx) and Vx is an integrable 
eigendistribution of a Killing tensor it follows that Vx is totally geodesic (see 
[J-4] p. 7 Cor. 1.4.). Consequently J is the natural opposite structure of J and the 
distribution T> spanned by ^,J^ is the nullity of both J, J (see [J-4] Lemma F). 
In particular D is J and J invariant, which means that it coincides with one of 
eigendistributions of S. On the other hand T) coincides with a vertical distribution 
V (both have the same section ^ and arc J -invariant). Since Sp o J = J o Sp and 
SpoJ= JoSp it follows that V, H are eigendistributions of S i.e. V = 'Dx,H = 
where A, ^ are eigenvalues of Sp and X = \q + \t, ^, = fio + \t. (} 

Since rj, ^ are Killing fields on CP^ it follows that ^ has on every fiber exactly two 
isolated zeros (the north and south poles of a surface of revolution diffeomorphic 
to S^.) Let us define U = {x € M : ^ 0}. Then U is an open and dense subset 
of M. 

Our present aim is to prove 

Theorem 1. Let us assume that {M,g,J,J) is a compact bi-Hermitian Gray 

.surface of genus g > 0. Then (M,g) is locally of co-homogeneity 1 with respect to 
the group of all local isometrics of {M,g). The manifold {U,g) is isometric to the 
manifold (a, 6) x Pfc where {Pk,gk) is a 3-dimensional A-manifold (a circle bundle 
p : Pk ^ T, ) over a Riemannian surface (S, gcan) of constant sectional curvature 
K G {—4,0,4} with a metric 

(*) g = dt'' + fitfe^ + h{tfp*g,an, 

where Qk = 9^ +p*gcan o-nd 6 is the connection form of Pk such that d6 = 2-Kk p*u}, 
Lo € iJ^(E,IR) is an integral, harmonic (hence parallel with respect to gcan) 2-form 
corresponding to the class 1 € -ff^(S, Z) = Z. The functions f,h€ C°°{a, b) satisfy 
the conditions: 

(a) f{a) = f{b) ^ 0, f'(a) - 1, f'{b) = -1, ; 

(b) h{a) h{b),h'{a) ^ h'{b) = 0, . 

Proof. The best way to prove this theorem is to use the recent results contained in 
[A-C-G]. For a while we shall use a notation from [A-C-G]. Note that Proposition 
5 yields that = J^. Consequently for both metrics g,g the natural opposite 
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structure for J coincides with J. It imphes that the Kiihler surface (A/, q, J) is of 
Calabi type (see [A-C-G]). Note that the conformal factor / to the Kahler metric 
is the square of an afSne function of the momentum map 2: of ^ with respect to 
u}{X, Y) = g{JX, Y) . The scalar curvature of both these metrics is a fmiction of the 
momentimi map z alone (see Prop. 5 below and note that VA = ^Vr, V/it = — gVr). 
One can also easily check using [J-4] that conformal scalar curvature k and functions 
a,f3 also depend only on z. It follows from [A-C-G], Lemma 10, that the scalar 
curvature se is constant. Thus it follows from the methods of Lebrun (see Prop. 13 
in [A-C-G]) that both metrics g,g are local cohomogeneity 1. Consequently on the 
open, dense subset, where ^ 7^ 0, the metric g is of the form (*). The boundary 
conditions are the conditions (a),(b) in view of [B],[M-S].^ 

Remark Note that iv depends only on the complex structure J of a Riemannian 
surface S. The complex structure J determines a conformal class of a Riemannian 
metric [g] such that g{JX,JY) = g{X,Y). The matric gcan is the metric in this 
class of constant sectional curvature. Consequently if S is a Riemannian surface 
of genus g then every complex structure J on E determines a unique form w and 
consequently a family of S'-'^-principlc bundles Pk^s- Note also that it is not true in 
general that every local bi-Hermitian ^C-'--metric of non-constant scalar curvature 
is local cohomogeneity one metric. The counterexample gives the (non-compact) 
Einstein-Hcrmitian self-dual space (M, g) of co - homogeneity 2 constructed by 
Apostolov and Gauduchon in [A-G-2],Th.2. The related Kahler metric {M,g) is 
weakly self-dual of co- homogeneity grater than 1. In fact every Killing vector field 
with respect to (Af , g) is also a Killing vector field for {M, g) ( the conformal factor 
to an Einstein metric is the square of the scalar curvature f of {M,g) - see [D-1], 
Prop.4). 

We shall end this section with characterization of the eigenvalues of a bi-Her- 
mitian Gray surface of genus g > 0- We show that Lie forms 6*, 6 and the difference 
A — of eigenvalues of the Ricci tensor of a Hermitian Gray surface {M, g, J, J) 
depend only on the length of tensor fields V J, V J. 

Proposition 5. Let us assume that {M, g, J, J) is a compact bi-Hermitian Gray 

surface such that J is the natural opposite Hermitian structure of J. Let 6, 6 be the 
Lee forms of (Af, g, J) and {M, g, J) respectively. Then 

(2.6a) 6» = 2rfln-— 

|l-e7| 

(2.6b) 6' = -2(iln|l-e7|, 

(2.6c) A - /i = C ^ 



(l-e7)2' 

where e& {-1, 1}, C e M - {0}, 7 = f , a = |VJ|, /? = |VJ|. 
Proof. Prom [J-4] it follows that 

(2.7) -dlna-^e = -d\nP-^0. 

Consequently we obtain: 

(2.8a) e-e = 2dhi-, 

a 

(2.8b) e + e = 2dln\X- 
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Thus 

(2.9) ^ = rfin^A^,^- = dln."l^-'^l 



a ' /3 
On the other hand (see [J-4]) 

139 = ea0, 

for a certain e € {—1,1}. Consequently 

Vln|A-M| = -(^)^. 

It implies 

X-li = C ^ 



(l-e7)2' 

for a certain C e M — {0}. Now it is clear that all formulas 2.6 hold true.^ 



3. Bi-Hermitian Gray surfaces with genus 5 > 1 . In this section we 

shall construct bi-Hermitian metrics g on ruled surfaces {Mk^g, g) of genus g. Then, 
according to Th.l., {Mk,g,g) is locally of co-homogeneity 1 with respect to the 
group of all local isometrics of {Mk,g,g) and an open, dense submanifold {Uk,g, g) C 
{Mk,g,g) is isometric to the manifold (a, 5) x Pk where {Pk,gk) is a 3-dimensional 
^-manifold (a circle bundle p : Pk ^ Ttg ) over a Riemannian surface (Sg,(?cara) of 
constant sectional curvature K e {—4,0,4} with a metric 

(3.1) gf,g = dt" + /(t)202 + g{tfp*g,an, 

where gu = 0^ +p*gcan and is the connection form of Pk such that p*d0 = 2Trk to, 
uj e i?^(Eg,IR) is an integral form, parallel with respect to gcam corresponding 
to the class 1 e H'^{T,g,Z) = Z. It follows that Pi = G/T, where T is a lattice 

in G = SL(X^),G = H OT G = 517(2), T = {e} and Pu = Zfe\G/r. Let 6i« be 
a vector field dual to with respect to gp. Let us consider a local orthonormal 
frame {X, Y} on {T,g,gcan) and let X^, be horizontal lifts of X, Y with respect 
to p : Mk^g Eg (i.e. dt{X'') = e{X^) = and p{X^) = X) and let i? = ^. Let 
us define two almost Hermitian structures J, J on M as follows 

jH = ^e^, jx^ = y'', JH = -^0^, jx^ = Y^. 



Proposition 6. Let T> be a distribution spanned by the fields {6^ H}. Then T> 
is a totally geodesic foliation with respect to the metric gf,g. Both structures J, J 
are Hermitian and V is contained in the nullity of J and J. The distribution V-^ 
is umbilical with the mean curvature normal ^ = — Vln g. Let A, /i be eigenvalues 
of the Ricci tensor S of gf^g corresponding to eigendistributions V,V^ respectively. 
Then the following conditions are equivalent: 

(a) There exists G R such that X — ^ — Eg^, 

(b) There exist G, £> G M such that ji = Cg"^ + D, 

(c) A — 2/i is constant, 

(d) {Uk,gi9f,g) 0- bi-Hermitian Gray surface. 
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Proof. The first part our Proposition is a consequence of [J-2]. Note that 
VA = H\H,Wii = HfiH. Consequently trgVS = ^Vr = {HX + Hn)H. On the 
other hand one can easily check that trgVS = 2(/i — A)^ + HXH. Thus 

= Vln5. 



2(A - 

Now we prove that (a) => (b). If (a) holds then V/i = 2Eg'^^ = EVg^. Thus 
V(^ — Eg"^) = which implies (b). 
(b)=> (a). We have 

g 2(/x - A) M - A ' 

and consequently ^9{^^^j^t^^) = which is equivalent to (b). 

(a)=>(c). We have A — ^ = Eg"^ and consequently V/^ = 2EgVg = EVg'^. Thus 
VA = V(/i + £;g2-) = 2EVg'^ and VA - 2V^ = which gives (c). 

{c)=> (a). If VA = 2VAt then VA = 4(A - ^)^. Consequently VA - V/x = 
2(A-m)^ and Vln|A-/i| = 2^ = 2Vln5f, which means that V In |A-/i|5-2 = 0. 

It follows that In ^-^^r^ = C for some C G K, which is equivalent to (a). 
(d)<^^(c). This equivalence follows from [J-3]. <^ 

Theorem 2 On any ruled surface Mk.g of genus g > with k > there exist a 
one-parameter family of Hermitian AC-^ -metrics {gx '■ x G (0,1)} which contains 
all bi-Hermitian Gray metrics on Mk^g. 

Proof. Note that for the first Chern class ci(Eg) e i/^(Sg,Z) of the complex 
curve Yig we have the relation ci(Eg) = xa, where a G H'^iYig^'L) is an indivisible 
integral class and x = 2 — 25 is the Euler characteristic of Eg. Let us write s = 
if 5 ^ 1 and s = k li g = 1. Then it is easy to show that the manifold {Mk,g,g) 
with the metric g given by (*) has the Ricci tensor with the following eigenvalues : 

q" f" 

(3.1a) Ao = -2^ - V, 

9 f 



f" fa' P 
(3.1b) Ai = -^-2^+2s2£_^ 

(3.1c) X2 = -'--'-^-C-r-2s'^ + 



9 f 9 ,9 .2 .2/ K 
f9 9 9^ 9^ 



where Ao,Ai, correspond to eigenfields T = ^,0'^ and A2 corresponds to a two- 
dimensional eigendistribution orthogonal to T and If {M,g) G AC-^ is a bi- 
Hermitian Gray surface then Aq = Ai = A and, if we denote = A2, Prop. 6 and 
[J-3] imply an equation 

(3.2) n = Dg'^ -C 



for some Z), C G M. Since Aq = Ai we get 
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Using a homothcty of the metric we can assume that A G {—1, 0, 1}. In the case 
A = we get a weakly-self-dual Kahlcr metric and these metrics on compact 
complex surfaces are classified (sec [A-C-G]). So we restrict our considerations to 
the case A E {—1,1}. Now wc introduce a function h such that h"^ = s'^ + Ag'^. Note 
that imh C (— s,s) if A = — 1 and imh C (.s,oo). ii A ~ 1. Then g = y^\s'^ — h"^]. 
Let us introduce a function z, such that h' = z{h). Note that 

(3.4) f = h' and /' = \z'{h). 
It follows that equation (3.2) is equivalent to 

(3.5) . {h) - z{h)j^^^^ -- + , 

where e = sgni^A e {— 1,0,1}. It follows that 

(3.7) z{h) = (1 - (^^)-(-4e(^)^ - ^{^ f + {Ds^ - ^)(^)^+ 

S SOS OS 

+{2Cs^ - 3Ds^){- f - 4e + Cs^ - Ds^ + --). 

,s s s 

Let us denote again C = Cs^, D = Ds^, ^ = ^ and let 

(3.8) zoit) = (l-t2)-i(-4e(l+t2)+£>(- V+i*-3f2-l)+C(-^i*+2i2+l)+i;f) 
Write 

(3.9) P{t) = (-4et2 - £-1^^ + (D-^)t^ + (2C - 30)1"^ +Et-4e + C-D). 

5 3 

Then zo{t) = Note that z{h) = zo{!^) and ^'(/i) = iz^(^). We are looking 

for real numbers x > y gR such that 

(3.10a) zo{x) = 0, z'oix) = -2s, 

(3.10b) zo{y)=0,z'o{y) = 2s, 

and z{t) > for t e {y,x). Note that equations (3.10a) are equivalent to 

D C 

(3.11a) -4ex^ - — a;^ + {D - —)x^ + (2C - 3£>)a;^ -Ae + C-D + Ex = Q 
o o 

(3.11b) -Sea; - + A{D - ^)x^ + 2{2C - 3D)x + E = -2s(l - a;^). 

Equations (3.11) yield 

£) - ^("^-^ - 6s - 24ea; + SEx"^ - Ylsx^ - %tx^ + 2sx^) 
^ - ^> ~ 2(-l + a;)a;(l + a;)(15 + 10a:2 - a;^) ' 

(3.12b) 

3(5^; + 10s + SOea; + 30sa;2 - XQEx^ + 5£a;* - lOsa;^ - 16ea;5 + 2sa;6) 



C ■ 



2(-l + a;)a;(l + a;)(-15 - lOa;^ + a;*) 
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Solving in a similar way equations (3.106) one can see that there exists a function 
zq satisfying the equations (3.10) if 

(3.13) {x + y)(-4e(-5a; + x^ + 5y + 2a;\ - 2xy^ - y^) 

+s{5 + 2x^y + 2xy^ + 3y'^ + 2,x^ + x^y^ - 16a;y)) = 0, 

where x > y, x,y € (—1, 1) in the case A = —1 and x,y G (1, oo) in the case A = l. 
Using standard methods one can check that in the case of the genus g > I (i.e. 
a K = —4 or K = 0) the only solutions of (3.13) giving a positive function z are 
X = —y e (0, 1). In the case g = 0,K = 4 apart from the solutions with x = —y 
(sec [J-3]) there arc two additional families of solutions with e = 1 and e = — 1 
on the first Hirzebruch surface Fi and one additional family with e = — 1 on the 
second Hirzebruch surface F2. 

It follows that if 5 > 1 then x = —y, E = and e = 1 or e = 0. Consequently 



(3.14) P{t) 

= . 9 \, . ^((^' - a;2)(s(-15 + 10x2 - Sx* + ^{IQ + I2x^ - Gx*) 

x(15 - 5x2 - 11x4 + x6)^^ 

+t^{-2, - 6x2 ^ ^4)) ^ 4ex(x2(-5 + x^) - t^(2, + x^) + ^^(5 + 2x' + x*)))). 
Thus 

-4x4(x2 - 5) + sx(15 - 10x2 + 3x4) 
^ ' ~ 15 - 5x2 _ + 3,6 

and P{t) > if t e (0,x) for all x e (0, 1). Now the function zo{t) = jj^P{t) is 
positive on (— x, x), x e (0, 1). If x € (0, 1) then there exists a solution h : {—a, a) — > 
(— sx, sx), where 

dh 



L 

of an equation 



s 



such that h{—a) = —sx, h{a) — sx, h'{—a) = h'{a) = 0, h"{—a) = 1, h"(a) = —1. It 
follows that functions f = h',g = ^/ s'^ — are smooth on {—a, a) and satisiy the 
boundary conditions described in Th.2. Consequently the metric 



g. = dt"" + fitfe^ + g{t)Ygcan, 



on the manifold (—a, a) x Pk extends to the smooth metric on the compact ruled 
surface M = Pk Xgi which is a 2— sphere bundle over Riemannian surface Eg. 
Note that g{—a) = g{a) = s\/l — x'^ and that our construction is valid for all 

xe (0,1). 

Theorem 3. There are no irreduciblr bi-Hermitian Gray-metrics on trivial 
ruled surfaces Mo^g = CP^ x Eg with g > 0. 

Proof. Now we consider Gray metrics on the product CP^ x Eg. Then, K = 
—4, s = and we can take g = h, f = h' . Consequently z{h) = —A+^h^ + ^h'^ + j-. 
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For simplicity let us write D = f,C = ^. Then z{h) = -4 + Dh^ + Ch? + f . 
We are looking for solutions of an equation h' = \/ z{h) satisfying initial conditions 

h{a) = a;, h{b) = y where 

(3.15) z{x) = 0, z'{x) = 2, z{y) = 0, z'{y) = -2 

for some unknown x,y gM. such that < a; < y. Equation (3.15) yields 

(3.16a) D = 4 ^ E{x^-y^) _ ^ - ^ + v"" ^ 

x^y^ x^y^{x'^ — y'^)' x^y^{x'^ — y'^) x'^y'^ ' 

(3.16b) 

D = E y'-f" / ^,C = E- "'+^' 



4x'^j/^(a;2 — y2) 2xy{x — y)' 2x^y^{x^ — y-^) xy{x^ — y"^) 

It follows that equations (3.16) have a solution if and only if 

E = f-^^i^i- -y)+ -y) = - y') + -yi-' + y'))- 

U y = ax where 1 then we obtain 

_ -4(q!- 1)(q!^ + 3a+ 1) 
~ a{a'^ + a + 2) ' 

Since < x < y and a > 1 we get a contradiction. Consequently there are no 
irreducible Gray metrics on the trivial ruled surface M = CP^ x Sg, where g > 1. 

We shall finish by investigating Gray metrics on the surface CP""^ x T^. Now 
z{h) = f ft," + f/i^ + |. For simplicity let us write D = f ,C = f . Then 
z{h) — Dh'^ + Ch^ + j^. We are looking for solutions satisfying initial conditions 
(3.15). It follows analogously as above that equations (3.15) have a solution if and 
only if 

^ _ 2 x-'y^y + x) _2 x^y^jr" + y^) 
5 x^ — y^ 3 x^ — y^ 

Consequently, if y = ax then we obtain (a + l)(a — l)^(2a^ + a + 2) = 0, where 
a > 1. It follows that there are no irreducible Gray metrics on the trivial ruled 
surface M = CP^ x T^.O 



4. Hermitian Gray structures on CP^. In this section we give examples 
of ^C-'--4-manifolds (M, g) whose Ricci tensor p has two eigenvalues A, /z such that 
only one from two natural complex structures defined by the Killing tensor p—^rg 
on the subset U = {x ^ M : A(.t) ^ m(-t)} extends to the complex structure on the 
whole of the manifold M. Let us denote by J the standard complex structure of a 
projective space CP^. As in [M-S], [J-3] by i(fc, 1) (where fc e N) we shall denote the 
Lens spaces. The manifolds L{k, 1) arc the circle bundles over CP\ ThenCP^ is the 
space of cohomogeneity 1 under an action of U{2) with principal orbit P = L{k, 1) 
(with fc = 1) and two special orbits: CP^ and a point (i.e. CP^ = [CP^IS'^I*]). Let 
us denote by t] the only real eigenvalue of the polynomial S{x) = a;^ + 5a;^ + 75a;+59. 
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Then 7? = -I - 3(383^^°°!^) + ^/l(m3Tl29Vm) = -0-8245 Now our 

aim is to prove the following theorem: 

Theorem 4. On the surface CP^ there exist two one-parameter families of 
Hermitian AC^ -metrics {gx : a; G T = (ry, 1) U (1, oo)}. The Ricci tensor p = Px of 
(CP^,5fa;) is Hermitian with respect to the standard complex structure of CP'^ and 
has two eigenvalues, which coincide in an exactly one point. Every co-homogeneity 
one AC-^ -metric with J -invariant Ricci tensor on CP^ is homothetic to one of gx 
where x gT. 

Proof. We shall retain the notation of section 3. Note that the genus g = and 
all formulas (3.1)-(3.7) remain valid for this case, however the boundary conditions 
will be different. Wc shall find the conditions on /, g to extend the metric (3.1) on 
the whole of CP^. The metric (3.1) extends to the metric on [CP^I^^I*] if and only 
if the boundary conditions are as follows: 

(4.1a) f{b) = g{b) = 0, f'{b) = g'{b) = -e, 

(4.1b) g{a) ^ 0, g\a) = 0, /(a) = 0, /'(a) = 1. 

At first we shall consider (4.1a). We get h{b) — 1 and consequently zo(l) = 
Q,z'q{1) = -2ke where zo{t) = ^ and P{t) = (-4e(l + t^) + Di-^t^ + - 
St"^ - 1) + C{-^t'^ + t^ + 1) + Et). Equations (4.1a) imply E = -^{5C -6D+15e). 
Then z'q{1) = — 2e and consequently k = l,z = zq- Now we consider (4.1b). We 
have to find x € (—1,1) if e = 1 or x G (l,oo) if e = —1 such that g{a) = x,z{x) = 
0,z'{x) = 2e. Then /(a) = 0,/'(a) = l,g{a) = ^/\l-x^\ ^ 0,g'{a) = 0. These 
equations are equivalent to 

^_ -5e ^_ 3€{7 + 4x-x^) 

~ 4 + a;-4a;2-a;3' ~ (-1 + a;)(l + a;)(4 + a;) ' 

Consequently 

Zx{t) = 

e{t - l)(i - x){t^ +t^{2 + x) + t{5 + 6.x) + 8 + 13a; + 4a;2)) 
{l + t){x-l){l + x){A + x) ■ 

Using elementary calculations one can prove that the polynomial Qx{t) — (t^ + 
f^(2 + x) + t(5 + 6x) + 8 + 13x + 4x^)) is positive for t e {x, 1) where x < 1 if and only 

if a; e iv, 1) where r? = -| - 3(383+;!^) + ^1(2(383 + 129^129)) = -0.8245.... 

is the only real eigenvalue of the polynomial S{x) = x^ + 5x^ + 75x + 59. Now 
it is clear that if x G (ry, 1) U (1, 00) then the function Zx{t) has exactly two roots 
X, 1 in one of the intervals [x, 1] and [1, x] respectively and in both considered cases 
Zx{t) > if t e {x,l) ov t G (l,a;) respectively. If h is a solution of an equation 
h' = Zx{h) satisfying the boundary conditions h{a) = x,h{b) = 1 then it is easy 
to verify that functions f = h' and g = — h'^\ are positive in (a, b) and satisfy 
equations (3.2) and boundary conditions (4.1). Consequently our metric defined on 
(a, b) X extends to the Gray metric on CP^. Prom the construction it is also clear 
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that the Ricci tensor of (CP^, gx) is invariant with respect to the standard complex 
structure J of CP^ and that the opposite complex structure id defined everywhere 
except the point corresponding to the degenerate orbit *. 
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